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The study of the so called brane world models has introduced completely new ways of looking up 
on standard problems in many areas of theoretical physics. Inspired in the recent developments of 
string theory, the Brane World picture involves the introduction of new extra dimensions beyond 
the four we see, which could either be compact or even open (infinite). The sole existence of those 
new dimensions may have non trivial observable effects in short distance gravity experiments, as 
well as in our understanding of the cosmology of the early Universe, among many other issues. The 
goal of the present notes is to provide a short introduction to some basic aspects of the Brane World 
models. The discussion includes models with flat compact extra dimensions, as well as the so called 
Randall- Sundrum models. 



I. INTRODUCTION 

In the course of the last five years there has been con- 
siderable activity in the study of models that involve 
new extra dimensions. The possible existence of such 
dimensions got strong motivation from theories that try 
to incorporate gravity and gauge interactions in a unique 
scheme, in a reliable manner. The idea dates back to 
the 1920's, to the works of Kaluza and Klein 5I] who 
tried to unify electromagnetism with Einstein gravity by 
assuming that the photon originates from the fifth com- 
ponent of the metric. With the advent of string theory 
the idea has gained support since all versions of string 
theory are naturally and consistently formulated only 
in a space-time of more than four dimensions (actually 
lOD, or IID for M-theory). Until recently, however, it 
was conventional to assume that such extra dimensions 
were compactified to manifolds of small radii with sizes 
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so, such that they would remain hidden to the exper- 
iment. It was only along the last years of the XX cen- 
tury when people started to ask the question of how large 
could these extra dimensions be without getting into con- 
flict with observations, and even more interesting, where 
and how could this extra dimensions manifest themselves. 
The intriguing answer to the first question point towards 
the possibility that extra dimensions as large as millime- 
ters U could exist and yet remain hidden to the exper- 
iments UHIEIEHII- To allow that, however, matter 
should be localized to a hypersurface (the brane) embed- 
ded in a higher dimensional world (the bulk). Again, 
the main motivation for these models comes from string 
theories where the Horava-Witten solution 9] of the non- 
perturbative regime of the Eg, x Eg, string theory provided 
one of the first models of this kind. To answer the second 
question many phenomenological studies have been done 
in a truly bottom-up approach, often based on simplified 
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field theoretical models, trying to provide new insights 
to the possible implications of the fundamental theory 
at observable level, although it is unclear whether any of 
those models are realized in nature. Nevertheless, they 
may help to find the way to search of extra dimensions, 
if there is any. 



It is fair to say that similar ideas were proposed on 
the 80's by several authors [13 , nevertheless, they were 
missed by some time, until recent developments on string 
theory, basically the raise of M-theory, provided an inde- 
pendent realization to such models J3, llil U3, H^ , given 
them certain credibility. 



It is the goal of the present notes to provide a brief in- 
troduction for the beginner to general aspects of theories 
with extra dimensions. Many variants of the very first 
model by Arkani-Hammed, Dimopoulos and D'vali Ql 
have been proposed over the years, and there is no way 
we could comment all those results in a short review as 
the present one. We shall rather concentrate on some 
of the most general characteristics shared by these mod- 
els. With particular interest we will address dimensional 
reduction, which provides the effective four dimensional 
theory on which most calculations are actually done. The 
determination of the effective gravity coupling, an the 
also effective gravitational potential in four dimensions 
will be discussed along the notes. We will also cover 
some aspects of the cosmology of models in more than 
four dimensions. Of particular interest in our discussions 
are the Randall and Sundrum models [Ij, [Ij, Ha . Il7l | for 
warped backgrounds, with compact or even infinite extra 
dimensions. We will show in detail how these solutions 
arise, as well as how gravity behaves in such theories. 
Some further ideas that include: stabilization of the extra 
dimensions; graviton localization at branes; and brane 
cosmology; are also covered. The interested reader that 
would like to go beyond the present notes can consult 
any of the excellent reviews that are now in the litera- 
ture, some of which are given in reference [iq . 



II. GENERAL ASPECTS: FLAT EXTRA 
DIMENSIONS 

A. Planck versus Fundamental Gravity Scales 

The possible existence of more than four dimensions 
in nature, even if they were small, may not be com- 
pletely harmless. In principle, they could have some visi- 
ble manifestations in our (now effective) four dimensional 
world. To look for such signals, one has first to under- 
stand how the effective four dimensional theory arises 
from the higher dimensional one. Formally, this can be 
achieve by dimensionally reducing the complete theory, a 
concept that we shall discuss further in the following sec- 
tion. One of the first things we must notice is that since 
gravity is a geometric property of the space, in a higher 
dimensional world, where Einstein gravity is assumed to 
hold, the gravitational coupling does not necessarily coin- 
cide with the well known Newton constant Gat, which is, 
nevertheless, the gravity coupling we do observe. To ex- 
plain this more clearly, let us assume as in Ref. 2] that 
there are 6 extra space-like dimension which are com- 
pactified into circles of the same radius R (so the space 
is factorized as a A^4 x T^ manifold). We will call the 
fundamental gravity coupling G*, and then write down 
the higher dimensional gravity action: 
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where gu+s) stands for the metric in the whole (4 + (5)D 
space, 

ds^ = gMNdx'^^dx^ , (2) 

for which we will always use the (+,—,—,—,...) sign 
convention, and Af, N = 0, 1, . . . , 5 + 3. The above ac- 
tion has to have proper dimensions, meaning that the ex- 
tra length dimensions that come from the extra volume 
integration have to be equilibrated by the dimensions 
on the gravity coupling. Notice that in natural units, 
c = h = \] S has no dimensions. We are also assuming 
for simplicity that 5(4+5) is being taken dimensionless, so 
[R{A+S)\ = [LengtK\~'^ - or [Energy^ in natural units -. 
Now, in order to extract the four dimensional gravity 
action let us assume that the extra dimensions are flat, 
thus, the metric has the form 



ds^ 



g^„^{x)dx'^dx'' - 5abdy°'dy'', 



(3) 



where g^n gives the four dimensional part of the metric 
which depends only in the four dimensional coordinates 
x'^, for /i = 0, 1, 2, 3; and Sabdy°'dy'' gives the line element 
on the torus, whose coordinates are parameterized by y"^, 
, (5. It is now easy to see that \/\g(4+s)\ = 



a = 1, , 



^|(?(4)| and i?(4+5) — R(4), such that one can integrate 
out the extra dimensions in Eq. |^ to get the effective 
action 
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where Vs stands for the volume of the extra space. For 
the torus Vs = {2itRY . Equation Ql is precisely the 
standard gravity action in 4D if one makes the identifi- 
cation, 



Gat = G*/V5 



(5) 



Newton constant is therefore given by a volumetric scal- 
ing of the truly fundamental gravity scale. Thus, Gn is 
in fact an effective quantity. Notice that even if G* were 
a large coupling, one can still understand the smallness 
of Gn via the volumetric suppression. 

To get a more physical meaning of these observations, 
let us consider a simple experiment. Let us assume a cou- 
ple of particles of masses mi and 7712, respectively, located 
on the hypersurface y° = 0, and separated from each 
other by a distance r. The gravitational flux among both 
particles would spread all over the whole (4 -I- (5) D space, 
however, since the extra dimensions are compact, the ef- 
fective strength of the gravity interaction would have two 
clear limits: (i) If both test particles are separated from 
each other by a distance r ^ R, the torus would effec- 
tively disappear for the four dimensional observer, the 
gravitational flux then gets diluted by the extra volume 
and the observer would see the usual (weak) 4D gravita- 
tional potential 



UN{r) = -G 
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(ii) However, if r ^ i?, the 4D observer would be able to 
feel the presence of the bulk through the flux that goes 
into the extra space, and thus, the potential between each 
particle would appear to be stronger: 
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It is precisely the volumetric factor which does the match- 
ing of both regimes of the theory. The change in the short 
distance behavior of the Newton's gravity law should be 
observable in the experiments when measuring U{r) for 
distances below R. Current search for such deviations 
has gone down to 200 microns, so far with no signals of 
extra dimensions |3 . 

We should now recall that the Planck scale, Mp, usu- 
ally assumed to be the fundamental energy scale asso- 
ciated to the scale at which quantum gravity (or string 
theory) should make itself manifest, is defined in terms 
of the Newton constant, via 
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In the present picture, it is then clear that A/p is not fun- 
damental anymore. The true scale for quantum gravity 
should be given in terms of G* instead. We then define 
the string scale as 
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SttG* 



1/(2+5) 



(9) 



Switching to natural units (c — h = I) from here on, 
both scales are then related to each other by 



Mj, 



M'+^Vs 



(10) 



From the particle physics world we already know that 
there is no evidence of quantum gravity (neither super- 
symmetry, nor string effects) well up to energies around 
few hundred GeV, which says that Af, > 1 TeV. If the 
volume were large enough, then the fundamental scale 
could be as low as the electroweak scale, and there would 
be no hierarchy in the fundamental scales of physics, 
which so far has been considered as a puzzle. Of course, 
the price of solving the hierarchy problem this way would 
be now to explain why the extra dimensions are so large. 
Using V ^ R^ one can reverse above relation and get a 
feeling of the possible values of R for a given A/, . This 
is done just for our desire of having the quantum grav- 
ity scale as low as possible, although, the actual value is 
unknown. As an example, if one takes Af* to be 1 TeV; 
ioT 6 = 1, R turns out to be about the size of the so- 
lar system {R ^ 10^^ m)!, whereas for 5 = 2 one gets 
R ~ 0.2 mm, that is just at the current limit of the ex- 
periments. More than two extra dimensions are in fact 
expected (strings predicts six more), but in the final the- 
ory those dimensions may turn out to have different sizes, 
or even geometries. More complex scenarios with a hier- 
archical distributions of the sizes could be natural. For 
getting an insight of the theory, however, one usually 
relies in toy models with a single extra dimension, com- 
pactified into circles or orbifolds. 



B. Brane World theory prescriptions 

While submillimeter dimensions remain untested for 
gravity, the particle physics forces have certainly been 
accurately measured up to weak scale distances (about 
10~^* cm). Therefore, the matter particles can not freely 
propagate in those large extra dimensions, but must be 
constrained to live on a four dimensional submanifold. 
Then the scenario we have in mind is one where we live 
in a four dimensional surface embedded in a higher di- 
mensional space. Such a surface shall be called a "brane" 
(a short name for membrane). This picture is similar to 
the D-brane models 13], as in the Horava-Witten the- 
ory ISf. We may also imagine our world as a domain 
wall of size M~^ where the particle fields are trapped 
by some dynamical mechanism Q. Such hypersurface 
or brane would then be located at an specific point on 
the extra space, usually, at the fixed points of the com- 
pact manifold. Clearly, such picture breaks translational 
invariance, which may be reflected in two ways in the 
physics of the model, affecting the flatness of the extra 
space (which compensates for the required flatness of the 
brane), and introducing a source of violation of the ex- 
tra linear momentum. First point would drive us to the 
Randall-Sundrum Models, that we shall discuss latter on. 



Second point would be a constant issue along our discus- 
sions. 

What we have called a brane in our previous paragraph 
is actually an effective theory description. We have cho- 
sen to think up on them as topological defects (domain 
walls) of almost zero width, which could have fields lo- 
calized to its surface. String theory D-branes (Dirichlet 
banes) are, however, surfaces where open string can end 
on. Open strings give rise to all kinds of fields localized 
to the brane, including gauge fields. In the supergravity 
approximation these D-branes will also appear as solitons 
of the supergravity equations of motion. In our approach 
we shall care little about where these branes come from, 
and rather simply assume there is some consistent high- 
energy theory, that would give rise to these objects, and 
which should appear at the fundamental scale M^. Thus 
the natural cutoff of our models would always be given 
by the quantum gravity scale. 

D-branes are usually characterized by the number of 
spatial dimensions on the surface. Hence, a p-brane is 
described by a flat space time with p space-like and one 
time-like coordinates. Unless otherwise stated, we will 
always work with models of 3- branes. We need to be 
able to describe theories that live either in the brane (as 
the Standard Model) or in the bulk (like gravity) , as well 
as the interactions among these two theories. For doing 
so we use the following field theory prescriptions: 

(i) Bulk theories are described by the higher dimen- 
sional action, defined in terms of a Lagrangian den- 
sity of ff>{x, y) fields valued on all the space-time 
coordinates of the bulk 



5, 



bulk[ 



= Ict^xd 



'y \l\9{i+s)\^i.(t>{x,y)) , (11) 



where, as before, x stands for the (3-1-1) coordinates 
of the brane and y for the 5 extra dimensions. 

(ii) Brane theories are described by the (3-|-l)D action 
of the brane fields, ^p{x), which is naturally pro- 
moted into a higher dimensional expression by the 
use of a delta density: 



5, 



[^] = jd^xd'y ^\^\C{^{x)) 5\y- yb) , (12) 
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where we have taken the brane to be located at the 
position y — yo along the extra dimensions, and the 
metric gu\ stands for the 4D induced metric on the 
brane. 

(iii) Finally, the action may contain terms that couple 
bulk to brane fields. Last are localized on the space, 
thus, it is natural that a delta density would be 
involved in such terms, say for instance 



ex d'^xd^y ^\g(A+s)\ 4>'^{x,y)'~p{x) S\y-yo) 
= fd^x,/\^\4>Hx,0Mx) . (13) 



C. Dimensional reduction: Kaluza-Klein 
Decomposition 

The presence of delta functions in the previous actions 
does not allow for a transparent interpretation, nor for an 
easy reading out of the theory dynamics. When they are 
present it is more useful to work in the effective four di- 
mensional theory which is obtained after integrating over 
the extra dimensions. This procedure is generically called 
dimensional reduction. It also helps to identify the low 
energy limit of the theory (where the extra dimensions 
are not visible). 

To get an insight of what the effective 4D theory looks 
like, let us consider a simplified five dimensional toy 
model where the fifth dimension has been compactified 
on a circle of radius R. The generalization of these re- 
sults to more dimensions would be straightforward. Let 
(j>he a bulk scalar field for which the action on flat space 
time has the form 

S[cj>] = i Jd^x dy {d^cj)dA<P ~ m^cj,^) ; (14) 

where now A = 1, . . . , 5, and y denotes the fifth dimen- 
sion. The compactness of the internal manifold is re- 
flected in the periodicity of the field, (j){y) = (j){y + 2nR), 
which allows for a Fourier expansion of the field as 



c,2/) = 
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The very first term, 0o, with no dependence on the fifth 
dimension is usually referred as the zero mode. Other 
Fourier modes, (/)„ and 4>n', are called the excited or 
Kaluza-Klein (KK) modes. Notice the different normal- 
ization on all the excited modes, 4>n and 0n, with respect 
to the zero mode. 

By introducing last expansion into the action and in- 
tegrating over the extra dimension one gets 

oo 
n=0 "^ 

+ Y.lJd'x[d'^4>ndJn-ml4>l), (16) 



where the KK mass is given as m^ = m^ -I- ^. There- 
fore, in the effective theory, the higher dimensional field 
appears as an infinite tower of fields with masses m„. 

Notice that all excited modes are fields with the same 
spin, and quantum numbers as 0. But they differ in the 
KK number n, which is also associated with the fifth com- 
ponent of the momentum. From a formal point of view, 
KK modes are only a manifestation of the discretization 
of the extra momentum of the particle. We would see 
particles with different higher dimensional momentum 



as having different masses. This can be also understood 
from the higher dimensional invariant p pa = w^ , which 
can be rewritten as the effective four dimensional squared 
momentum invariant p^Pf^ — vn? A-px^ ^, where px stands 
for the extra momentum components. 

Dimensionally reducing any higher dimensional field 
theory would indeed give a similar spectrum for each par- 
ticle. For m = it is clear that for energies below -^ only 
the massless zero mode will be kinematically accessible, 
making the theory looking four dimensional. The appre- 
ciation of the impact of KK excitations thus depends on 
the relevant energy of the experiment, and on the com- 
pactification scale -„: 

(i) For energies E <^ ^ physics would behave purely 
four dimensional. 

(ii) At larger energies, ^ < E < Af,, or equivalently 
as we do measurements at shorter distances, a large 
number of KK excitations, ~ {ERY , becomes kine- 
matically accessible, and their contributions rele- 
vant for the physics. Therefore, right above the 
threshold of the first excited level, the manifes- 
tation of the KK modes will start evidencing the 
higher dimensional nature of the theory. 

(iii) At energies above A/*, however, our effective ap- 
proach has to be replaced by the use of the funda- 
mental theory that describes quantum gravity phe- 
nomena. 

Furthermore, notice that the five dimensional scalar 
field (j) we considered before has mass dimension |, in 
natural units. This can be easily seeing from the ki- 
netic part of the Lagrangian, which involves two partial 
derivatives with mass dimension one each, and the fact 
that the action should be dimensionless. In contrast, by 
similar arguments, all excited modes have mass dimen- 
sion one, which is consistent with the KK expansion l|15|l . 
In general for S extra dimensions we get the mass dimen- 
sion for an arbitrary field to be [0] = d^ + ^, where (^4 
is the natural mass dimension of (f> in four dimensions. 
Because this change on the dimensionality of 0, most in- 
teraction terms on the Lagrangian (apart from the mass 
term) would all have dimensionful couplings. To keep 
them dimensionless a mass parameter should be intro- 
duced to correct the dimensions. It is common to use as 
the natural choice for this parameter the cut-off of the 
theory, Af». For instance, let us consider the quartic cou- 
plings of (j) in 5D. Since all potential terms should be of 
dimension five, we should write down ig-'/'^. After in- 
tegrating the fifth dimension, this operator will generate 
quartic couplings among all KK modes. Four normal- 
ization factors containing 1/vi? appear in the expansion 
of 0^. Two of them will be removed by the integration, 
thus, we are left with the effective coupling X/MR. By 
introducing Eq. ifTUI) we observe that the effective cou- 
plings have the form 



<f>k4>l4'm4>k+l+m- 



(17) 



where the indices are arranged to respect the conserva- 
tion of the fifth momentum. From the last expression 
we conclude that in the low energy theory {E < Af»), 
even at the zero mode level, the effective coupling ap- 
pears suppressed respect to the bulk theory. Therefore, 
the effective four dimensional theory would be weaker in- 
teracting compared to the bulk theory. Let us recall that 
same happened to gravity on the bulk, where the cou- 
pling constant is stronger than the effective 4D coupling, 
due to the volume suppression given in Eq. ^ , or equiv- 
alently in Eq. Hl()(l . Similar arguments apply in general 
for the brane-bulk couplings. We shall use these facts 
when considering more carefully gravity interactions for 
test particles on the brane, which we shall do along the 
next section. 

Different compactifications would lead to different 
mode expansions. Eq. H15(l . would had to be chosen ac- 
cordingly to the geometry of the extra space, by typically 
using wave functions for free particles on such space as 
the basis for the expansion. Extra boundary conditions 
associated to specific topological properties of the com- 
pact space may also help for a proper selection of the 
basis. A useful example is the one dimensional orbifold, 
U{l)/Z2, which is built out of the circle, by identify- 
ing the opposite points around zero. The operations can 
be see as reducing the interval of the original circle to 
[0, tt] only. Operatively, this is done by requiring the 
theory to be invariant under the extra parity symmetry 
Z2 '■ y —^ —y. Under this symmetries all fields should 
pick up a specific parity. Even (ood) fields would then 
be expanded into only cosine (sine) modes. Thus, odd 
fields do not appear at the zero mode level of the theory, 
which also means that the orbifolding projects out half 
of the modes on the KK expansion. 



The source of those fluctuations are of course the energy 
on the brane, i.e., the matter energy momentum tensor 
^ Tt^" = 5S/6g^^ that enters on the RHS of Einstein 
equations: 



Rmn — -^R(i+5)9MN 
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The effective coupling, at first order in h of matter to 
graviton field is then described by the action 
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rp^U 
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(20) 



It is clear from the effective four dimensional point 
of view, that the fluctuations Hmn would have different 
4D Lorentz components, (i) /i^^jy clearly contains a 4D 
Lorentz tensor, the true four dimensional graviton. (ii) 
ha^ behaves as a vector, the graviphotons. (iii) Finally, 
hab behaves as a group of scalars (graviscalar fields), one 
of which corresponds to the partial trace of h {h°-a) that 
later we will call the radion field. To count the number 
of degrees of freedom in Hmn we should first note that h 
is n X n a symmetric tensor, for n — 4, + 5. Next, general 
coordinate invariance of general relativity can be trans- 
lated into 2n independent gauge fixing conditions, half 
usually chosen as the harmonic gauge duh^ = \^Nh\'i- 
In total there are n{n — 3)/2 independent degrees of free- 
dom. Clearly, for n = 4 one has the usual two helicity 
states of a massless spin two particle. 

All those effective fields would of course have a KK 
decomposition. 



hMN{x,y) = 
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(21) 



D. Graviton couplings and the effective gravity 
interaction law. 



One of the first physical examples of a brane-bulk in- 
teraction one may be interested in analyzing with some 
care is the effective gravitational coupling of particles lo- 
cated at the brane, which needs to understand the way 
gravitons couple to brane fields. The problem has been 
extendedly discussed by Giudice, Ratazzi and Wells 3 
and independently by Han, Lykken and Zhang Q as- 
suming a flat bulk. Here we summarize some of the main 
points. We start from the action that describes a particle 
on the brane 



5= d^x^\g{y- = 0)\C 



(18) 



where the induced metric g{y°' = 0) now includes small 
metric fluctuations Hmn over flat space, which are also 
called the graviton, such that 
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Here n — (711, . . . , 715), with all Ua integer numbers. Once 
we insert back the above expansion into Sint it is not 
hard to see that the volume suppression will exchange 
the M* by an Mp suppression in the effective interaction 
Lagrangian of a single KK mode. Therefore, all modes 
couple with the standard gravity strength. Briefly, only 
the 4D gravitons, G^^, and the radion fleld, a^ get cou- 
ple at flrst order level to the brane energy momentum 
tensor [3,|3 
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Here k is a parameter of order one. Notice that G^"-'^'' 
is massless since the higher dimensional graviton Hmn 
has no mass itself. That is the source of long range four 
dimensional gravity interactions. It is worth saying that 
on the contrary a'^^^ should not be massless, otherwise 
it should violate the equivalence principle, since it would 
mean a scalar (gravitational) interaction of long range 
too. (7^°-' should get a mass from the stabilization mech- 
anism that keeps the extra volume flnite. We shall come 



back to this problem latter on. From supernova con- 
strains such a mass should be larger than 10~^ eV |3- 

Above Lagrangian runs over all KK levels, meaning 
that brane particles can release any kind of KK gravitons 
into the bulk. KK index ft is also the extra component 
of the momentum, so they go out of the brane taking its 
energy away, in a clear violation of the 4D conservation of 
energy. This could appear in future high energycoUider 
experiments, for instance, as missing energy [6|,|a|. 

We started the section asking for the actual form of 
the effective gravitation interaction among particles on 
the brane. Now that we know how gravitons couple to 
brane matter we can use this effective field theory point 
of view to calculate what the effective gravitational inter- 
action law should be. KK gravitons are indeed massive, 
thus, the interaction mediated by them are of short range. 
More precisely, each KK mode contribute to the gravi- 
tational potential among two test particles of masses mi 
and 7712 located on the brane, separated by a distance r, 
with a Yukawa potential 
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Total contribution of all KK modes, the sum over all KK 
masses mi — fp /R, can be estimated in the continuum 
limit, to get 

Urir) ~ -GNVsiS - 1)! ^^ ~ U^r) . (24) 

r" + 1 

Experimentally, however, for r just below R only the very 
first excited modes would be relevant, and so, the poten- 
tial one should see in short distance tests of Newton's 
law [3 should rather be of the form 



(7(r)~f7Ar(r)(l + ae~'-/«) 



(25) 



where a stands to account for the multiplicity of the very 
first excited level. 



III. COSMOLOGY IN MODELS WITH FLAT 
EXTRA DIMENSIONS 

A. Limits on Reheating Temperature due to 
Graviton emission 



would be kinematically accessible. During Big Bang Nu- 
cleosynthesis (BBN), for instance, where E was about 
few MeV, this already means more than 10^^ modes. So 
many modes may be troublesome, and one has to ask the 
question how hot the Universe could go without loosing 
too much energy. By looking at the effective Lagrangian 
in Eq. H22|) . one can immediately notice that the gravi- 
ton creation rate, per unit time and volume, from brane 
thermal processes at temperature T goes as 
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The standard Universe evolution would be conserved, as 
far as the total number density of produced KK gravi- 
tons, rig, remains small when compared to photon num- 
ber density, n^. This is a sufficient condition that can be 
translated into a bound for the reheating energy, since as 
hotter the media as more gravitons can be excited. It is 
not hard to see that this condition implies Q] 



T^+^Mp 



m: 



S+2 



< 1 



(26) 



Equivalently, the maximal temperature our Universe 
could reach with out producing to many gravitons must 
satisfy 



T 



s+i 



< 



Mt+^ 
Mp 



(27) 



To give numbers consider for instance M* = 10 TeV and 
5 = 2, which means Tj. < IQQMeV, just about to what 
is needed to have BBN working. The brane Universe 
with large extra dimensions is then rather cold. This 
would be reflected in some difficulties for those models 
trying to implement baryogenesis or leptogenesis based 
in electroweak energy physics or above. 

As a complementary note, we should mention that 
since thermal graviton emission is not restricted to early 
Universe, one can expect this to be happening in any 
other environment. We have already mention colliders 
as an example. But even the hot astrophysical objects 
can be gravitons sources. Gravitons emitted by stellar 
objects take away energy, which contribute to cooling 
down the star. The stringent bounds on M* actually 
come from the study of this process ■ 



Graviton production by brane processes may not be 
such a harmless phenomena. It may rather posses strong 
constraints on the theory when considering that the early 
Universe was an important resource of energy, which in 
the present picture resides completely on the brane. How 
much of this energy could have gone into the bulk without 
affecting cosmological evolution? For large extra dimen- 
sions, the splitting among two excited modes is pretty 
small, 1/R. For 6 = 2 and M^ at TeV scale this means a 
splitting of just about 10~^ eV!. For a process where the 
center mass energy is E, up to iV = [ERY KK modes 



B. Dimensional reduction and the radion field 

We are now ready to postulate the model that sho- 
uld describe the brane Universe evolution where 4D 
Friedmann-Robertson- Walker model must now be ob- 
tained as the effective zero mode limit, after dimensional 
reduction. To simplify the discussion we will assume the 
extra space compactified into an orbifolded torus, T jZ^, 
such that the extra coordinates y°' take values in the in- 
terval [0, 1], and the theory is invariant under the map- 
ping Z2 : y — > —y. As before the brane should be located 



at J/" = 0. Consider the metric in 4 + S dimensions pa- 
rameterized by 



ds ~ gAsdx dx — g^^^dx^dx^ — habdy°'dy 



(28) 



Note that since we have taken y" to be dimensionless, 
hab has length dimension two. Also note that we are 
not considering in our parameterization the presence of 
vector-like connection A°^ pieces, which are common in 
Kaluza Klein theories. This is because we would be only 
interested in the zero mode part of the metric, and A't 
vanishes at this level since it is odd under the Z2 parity 
transformation. 

Next, let us reduce the Einstein-Hilbert action 



^=^ j d'^^d!'V\l\9(A+s)\R~ 



(4+<5) 



(29) 



to four dimensions, considering only the zero mode level. 
Here, l/kl = Ml+^ . One then obtains 



1 

2fc2 

1 

~4 



.^/h 



d'x yq^ ^ \ i?(4) - -a^/i"" d^'Kb 



h'^'d^hab ■ h^^d^Kd 



(30) 



where 1/k^ = Mp, and Vs stands for the stable volume 
of the extra space that correspond to Eq. H1U|I . 

In order to obtain the 4 dimensional scalar curvature 
term in a canonical form, we have to perform a conformal 
transformation on the metric. 



2ip 



(31) 



designed to cancel the extra \/h/Vs coefficient of _R(4) in 
Eq. l|5n|) . We take if such that 

e^-^ y^/Vs = 1 . (32) 

The action in Eq. (|3l)|l is then transformed into 



^ = i/'^'^v/=^{%)-i^M/»"' 



d'^K 



1 



h^'^'d^hab ■ h^'^d^'hcd 



(33) 



Next, for the four dimensional part of the metric, 5^^, 
we can now assume the standard Friedmann-Robertson- 
Walker (FRW) metric with a flat geometry, i.e. 



gf_,u = diag{l, ~a{t), ~a{t),~a(t)) , 



(34) 



for an isotropic and homogeneous (brane) Universe, 
whereas we consider a diagonal form for the h part of 
the metric: 

hab = b{t)Hab (35) 

Obviously, the physical volume of the extra space is dy- 
namical, and given as 



vol 



phys 



^/h = b^(t) 



If the bulk is stable, meaning a constant 6, the physical 
size of the extra dimension is given by the identification 
60 = R- This turns out to be the stabilized condition, 
when one assumes the volume to have some dynamics, 
which should be reached at some given finite time t. 

The action can be simplified by defining the radion 
field 



,,).M,,/^,.,(f) 



(36) 



This has a straightforward physical interpretation, it is 
related to the variation of the physical size of the vol- 
ume. Notice that the radion is set to be zero when the 
stabilized volume is reached. In this terms one gets the 
effective action 



S^ d 



. \/-.9(4) 



2fc2 



, \/-9{i) 



(37) 

The very first term corresponds precisely to the 4D grav- 
ity action of the FRW model. On the other hand, last 
term can be identified as the action of a running mode. 
It is unstable under perturbations, which means that any 
small perturbation on the radion field can make the vol- 
ume of the extra space expand or contract without con- 
trol. This is what is called the radion stabilization prob- 
lem, and it is a particular case of the more general mod- 
uli problem inherited from string theory. Understanding 
the stability of the volume of the compact space can be 
seeing as finding the mechanism that provides the force 
that keeps the radion fixed at its zero value. Thus, one 
has to find the potential a which provides such a force. 
The origin of this potential is largely unknown so far, al- 
though some ideas can be found in the literature, see for 
instance 19, 20]. We will not comment on this in here, 
but rather assume that such a potential should exist. As 
we will discuss later on, the detailed form of U{a) may 
also be important to understand the dynamics of the ra- 
dions during and after infiation. As a parenthetical note, 
the physical mass of the radion is actually related to the 
second derivative of the potential at minimum, and cer- 
tainly, to avoid violation of the equivalence principle, it 
should be larger than about 10^"^ eV. 

As already mentioned, radion couples to matter fields. 
This is regardless whether they are brane or bulk fields. 
After dimensional reducing the action in Eq. Hll|) , and in- 
cluding the conformal transformation that we performed 
on the metric, we get for the scalar field the effective 
action at the zero mode level 



sm 



d*x v/-.9(4) 



d'^^df.cf) 



^ — aa/Mp 



y(0) 



(38) 



where the coupling constant is given by a = ^j2/6{5 + 2). 
The case of a brane scalar field turns out to have the same 
functional form for the effective action as above. 



C. Inflation 

It is still possible that, due to some dynamical mech- 
anism, the extra dimension gets stabilized long before 
the Universe exited from inflation, as in some scenar- 
ios in Kaluza-Klein (KK) theories, where the stabiliza- 
tion potential is generated by the Casimir force |19l |20| . 
Other possible sources for this stabilizing potential could 
be present in brane-bulk theories; for instance, the for- 
mation of the brane at very early times may give rise to 
vacuum energy that plays a role in eventually stabilizing 
the extra dimension. Let us for the moment consider an 
stable bulk {b = R), and then address the problem of 
brane cosmological evolution. It is clear from the results 
on previous section, by taking cr = 0, that the brane cos- 
mological theory do behaves as four dimensional. The 
usual FRW model is therefore a good set up to analyze 
cosmology on the brane. During inflation period Hubble 
expansion is given as usual by 



H 



3Af2 ' 



(39) 



with V{(j)) the potential of the slow rolling inflaton. A 
brane inflaton, however, is troublesome |2l| . Consider for 
instance a typical chaotic inflation scenario |23|, where 
the potential is simply given by V{(f>) = ^m?4P' . If the 
highest scale in the theory is M* , during inflation, a brane 
inflaton potential can not get values larger than M^, re- 
gardless of the number of extra dimensions. Just as in 
the usual 4D theories where the scale of the potential is 
not supposed to be larger than Planck scale. Next, since 
successful inflation (the slow roll condition) requires that 
the inflaton mass be less than the Hubble parameter, we 
have the inequality 



m<H < M^/Mp. 



(40) 



For Af* ~ 1 TeV, one then gets the bound m < 10~^ eV, 
which is a severe fine tuning constraint on the parameters 
of the theory. Furthermore, such a light inflaton would 
certainly face troubles for reheating, since it would only 
decay into photons. The inflaton is believed to be charge- 
less, thus, such a decay can only occur via suppressed 
loop processes. Above constraint further implies that 
inflation occurs on a time scale H~^ much grat er than 
M~^. As emphasized by Kaloper and Linde [21|, this is 
conceptually very problematic since it requires that the 
Universe should be large and homogeneous enough from 
the very beginning so as to survive the large period of 
time from t = M'^ to t = H'^. 

Moreover for chaotic inflation one gets a tiny contribu- 
tion to density perturbations 



6p_ 
P 



50^^ < 10-31. 

Mp ~ 



(41) 



The situation does not improve for more elaborated mod- 
els. For the case where A0^ term dominates the den- 



sity, for instance, one gets the same fine tuning con- 
dition than in four dimensions, — ^ A^/^. Assum- 
ing Hybrid inflation |23|, with the potential V^ip^a) = 

j^ (M^ - Xa^Y + Im^ft^^ + 9^<f>'^cr^, does not help ei- 
ther |2J , since it needs either a value of m six orders of 
magnitude smaller or a strong fine tuning on the param- 
eters, to match the COBE result ^ - 10"^. Certainly, 
the problem would be relaxed if the fundamental scale 
M^ were much larger than a few TeV, nevertheless, this 
means a shorter radii and most of the phenomcnological 
interest on the model would also be gone. 

A simple way to solve this problem could be assum- 
ing that the inflaton is the zero mode of a bulk scalar 
field [2J|. As such, its effective potential energy is en- 
hanced by the volume of the extra space, which allows to 
have larger densities contributing to Hubble expansion. 
Indeed, now one has 

VeffiM = Vs VbulkiM < MlMp- 

where the RHS conies from the natural upper bound 
VbulkiM < ^it^^ ■ This immediately means that not 
stringent bound exists for Hubble, H < Af, , and non 
superlight inflaton is required. This also keeps the ex- 
planation of the flatness and horizon problems as usual, 
since now, the time for inflation could be as short as in 
the standard theory. Hybrid inflation model now accom- 
modates a nice prediction for density perturbations [2J|, 



6p 
P 



2A3/2 



mlMp 



(42) 



which can easily give COBE normalization. Reheating 
would now be produced by the decay of the inflaton into 
brane standard fields. The effective brane-bulk coupling 
has a Planck suppression on it, which amounts for a low 
reheating temperature, that nevertheless comes out to be 
just right to allow for a successful BBN process. To give 
numbers, let us consider Tp ^ O.lyT^A/p^ and a typical 
rate for the decay into higgses F^ ~ A/^/(327rAf|>m,0), 
and use m^ around O.lAf*, with Ivh ~ lOOTeV^, one then 
gets Tr ~ 100 MeV. It is worth saying that this number 
is well within the constraints due to graviton thermal 
production (|27|l discussed previously. 

It is worth noticing that usually the needed number of 
e-foldings is much less than 60 if the scale of inflation is 
low. Especially if the scale of inflation is as low as Hm/ ~ 
A/* ~ TeVj_it was already shown in extra dimensional 
models [2^ |2^ that the number of e-foldings required for 
structure formation would be 43, provided the universe 
reheats by T^^ -- 10 - 100 MeV. Therefore it is only the 
last 43 e-foldings of inflation which are important for the 
purpose of density perturbations. 

As an alternative way to solve inflaton problems, 
Arkani-Hamed et al [23| proposed a scenario where it 
was assumed that inflation occurs before the stabiliza- 
tion of the internal dimensions. With the dilaton field 
playing the role of the inflaton field, they argued that 
early infiation, when the internal dimensions are small. 



can overcome the complications we mention at the be- 
ginning of present section. However, one can not allow 
the extra dimension to grow considerably during inflation 
since large changes on the internal size will significantly 
affect the scale invariance of the density perturbations, 
The radius of the extra dimension must remain essen- 
tially static while the Universe expands (slow rolling), 
this needs a quite flat potential which may have trouble 
for the later stabilization. The scenario may also pose 
some complications for the understanding of reheating 
since the radion is long lived, and its mass could be very 
small (about 1/i?). 

Another possible way out was proposed in Ref. |28| . 
where it was suggested that the brane could be out of 
its stable point at early times, and inflation is induced 
on the brane by its movement through the extra space. 
The common point of last two scenarios is that they as- 
sume an unstable extra dimension along inflation process. 
This may also be troublesome as we shall discuss in next 
section 



D. Cosmological Radion problem 

It is conceptually hard to accept the fact that the ex- 
tra dimensions were at all times as large as suggested by 
ADD model. As it is natural to think that all our observ- 
able Universe started as a small patch of size ~ M^^, it 
seems so for the extra dimensions. From its deflnition, 
an initial value bin = M~^ means that the radion started 
with a large negative value. 



M, 



6 ^\AU 



(43) 



Since the stable point has been deflned such that a\b=R ~ 
0, one has to conclude that the radion should roll down 
its potential from negative values as the extra dimensions 
expand. If the radion potential were flat enough in these 
range of values, it would be natural to think that the 
radion could play the role of the inflaton. The idea is en- 
forced by the large absolute initial value of a which may 
already satisfy chaotic initial conditions for driving in- 
flation. For realizing the picture, one has at some point 
to be able to calculate the radion potential from some 
fundamental physics and proof that it is indeed flat for 
negative a values, whereas it grows fast enough for pos- 
itive cr's to avoid dynamically driving the volume much 
beyond the expected stable value h — R. Without the 
actual potential is hard to make any serious calculation 
for density perturbations or even reheating temperature. 
Certainly a simple mass term like potential U{a) ^ m?a'^ 
would not do it. Reason is two fold. First, we are far away 
from the stable point where the radion mass is defined, 
so the potential hardly would be well described by just 
the second term of its Taylor expansion. Second, and 
more important, the simple chaotic potential predicts in- 
sufficient density fluctuations for small M*. Indeed, the 
calculation gives HJ] 6p/p ~ m/Mp < M^/Mp. 



Also interesting it is the possibility of producing infla- 
tion with the help of a bulk inflaton in presence of the 
radion field. This analysis can help us to understand 
whether our previous discussion makes at all sense. We 
now turn our attention towards the action in Eq. H38|l . 
Notice that the inflaton to radion coupling is given only 
through the inflaton potential. The coupling induces an 
effective mass term for the radion which is proportional 
to Hubble scale, mlfj: ~ a'^Veff{(l))/Mp = a'^H'^. As a 
consequence, the radion gets a very steep effective po- 
tential term, which easily drives the radion towards the 
minimum within a Hubble time 29]. Indeed, once Hubble 
induced mass term is switched on the radion will follow 
the evolution 



ait) 



a,n e-("e///3«)* 



(44) 



where cTin is the initial amplitude. Naively, one could 
think that this should solve the problem of stabilization, 
provided inflation last a bit longer than this dynamical 
stabilization process. Nevertheless, it has been realized 
that although this stabilization does take place, it hap- 
pens that the effective minimum of the potential does 
not coincide with a = pSOl l3ll | . Actually, it generally 
happens that the global minimum for a is displaced dur- 
ing inflation when the radion potential is quite flat [30j. 
To see this, let us notice that the total potential has the 
form 



Utotal{<J,^) = [/(a) + e-"'^/^- Veffi<j>) 



(45) 



where by definition, U{a) has a minimum at cr = 0. Dur- 
ing infiation Veff defines the Hubble scale, as already 
mentioned, which is taken as a constant. The global min- 
imum for a of this potential is solution to the equation 

C/'M-^e-"'^/^-ye// = 0. (46) 

Clearly, a = is not a global minimum. In fact, in or- 
der to match both terms of the equation, the minimum 
should lay in the positive range of a values. This im- 
plies that during inflation the extra space grows beyond 
its stable size (b — R), and gradually comes back to the 
final stable volume Vs as the inflaton energy gets dimin- 
ished [Sfl ISJ • How far we are from the expected value 
Vs depends on the actual profile of the radion potential. 
For steeper potentials it is easy to see the displacement 
could be negligible for practical proposes, however that 
is not so for flatter radion potentials [31|, since a larger 
value on a would be needed in the exponential of the last 
equation to match a small value of U' {a). One interesting 
conclusion arises: inflation could in principle be consis- 
tently analyzed in the set up of an stable bulk, as we did 
in previous section, nevertheless post-inflationary effects 
of the radion dynamics have yet to be studied with some 
care. 
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IV. NON FACTORIZABLE GEOMETRIES: 
RANDALL-SUNDRUM MODELS. 

A. Warped Extra Dimensions 

So far we have been working in the simplest picture 
where the energy density on the brane does not affect 
the space time curvature, but rather it has been taken 
as a perturbation on the flat extra space. However, for 
large brane densities this may not be the case. The first 
approximation to the problem can be done by consider- 
ing a five dimensional model where branes are located at 
the two ends of a closed fifth dimension. Clearly, with 
a single extra dimension, the gravity flux produced by a 
single brane at y = can not softly close into itself at 
the other end the space, making the model unstable, just 
as a charged particle living in a closed one-dimensional 
world does not define a stable configuration. Stability can 
only be insured by the introduction of a second charge 
(brane). Furthermore, to balance branes energy and still 
get flat (stable) brane metrics, one has to compensate 
the effect on the space by the introduction of a negative 
cosmological constant on the bulk. Hence, the fifth di- 
mension would be a slice of an Anti de-Siter space with 
flat branes at its edges. Thus, one can keep the branes 
flat paying the price of curving the extra dimension. Such 
curved extra dimensions are usually referred as warped 
extra dimensions. Historically, the possibility was first 
mentioned by Rubakov and Shaposhnikov in Ref. [lOl |. 
who suggested that the cosmological constant problem 
could be understood under this light: the matter fields 
vacuum energy on the brane could be canceled by the 
bulk vacuum, leaving a zero (or almost zero) cosmological 
constant for the brane observer. No specific model was 
given there, though, ft was actually Gogberashvili |lj| 
who provided the first exact solution for a warped metric, 
nevertheless, this models are best known after Randall 
and Sundrum (RS) who linked the solution to the the hi- 
erarchy problem [15| . Later developments suggested that 
the warped metrics could even provide an alternative to 
compactification for the extra dimensions [la, u^- In 
what follows we shall discuss a concrete example as pre- 
sented by Randall and Sundrum. 



B. Randall- Sundrum background 

Lets consider the following setup. A five dimensional 
space with an orbifolded fifth dimension of radius r and 
coordinate y which takes values in the interval [0,7rr]. 
Consider two branes at the fixed (end) points j/ = 0, nr; 
with tensions r and — r respectively. For reasons that 
should become clear later on, the brane at y = {y = irr) 
is usually called the hidden (visible) or Planck (SM) 
brane. We will also assign to the bulk a negative cosmo- 
logical constant —A. Contrary to our previous philosophy 
in ADD model, here we shall assume that all parameters 
are of the order of the Planck scale. Next, we ask for the 



solution that gives a flat induced metric on the branes 
such that 4D Lorentz invariance is respected. To get a 
consistent answer, one has to require that at every point 
along the fifth dimension the induced metric should be 
the ordinary flat 4D Minkowski metric. Therefore, the 
components of the 5D metric only depend on the fifth 
coordinate. Hence, one gets the ansatz 



ds = gAsdx dx = u {y)ri^,^dx'^dx'^ — dy 



(47) 



where we parameterize uj{y) — e~^^'^'. The metric, of 
course, can always be written in different coordinate sys- 
tems. Particularly, notice that one can easily go to the 
conformally flat metric, where there is an overall factor 
in front of all coordinates, ds'^ — uj'^ {z)[ri^,^dx^ dx'^ — dz^], 
where the new coordinate z is a function of the old coor- 
dinate y only. 



Classical action contains S 



Sh + Sv] where 



(48) 



gives the bulk contribution, whereas the visible and hid- 
den brane parts are given by 



S^. 



v,h 



± T / d'^XyZ-gy^h , 



(49) 



where gy^h stands for the induced metric at the visible 
and hidden branes, respectively. 

Five dimensional Einstein equations for the given ac- 
tion. 



GmN — RmN — -zgMNR(5) 



-k^AgMN + k^T . 



• -9h 

5(5) 



Ki^N9t.J{y) 



-gv 



-k^T. S'^jS^^gf^Jiy-Trr) (50) 

V -9(5) 

are easily reduced into two simple independent equations. 
First, we can expand the Gmn tensor components on last 
equation, using the metric ansatz H47|l . to show 

G,,. = -3g^,(-/3" + 2(/3')') ; (51) 

G^5 = ; and G55 = -6.955(/3')' ■ (52) 
Next, using the RHS of Eq. itsUI) . one gets 

6(/3')' = klK ■ (53) 
and 

3/3" = klr [5{y) - 6{y - nr)] . (54) 

Last equation, clearly, defines the boundary conditions 
for the function /3'(y) at the two branes (Israel condi- 
tions). Clearly, the solution is (3{y) = /i|j/|, where 
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(55) 



11 



with the subsidiary fine tuning condition 

A 



6M3 ' 



(56) 



obtained from the boundary conditions, that is equiva- 
lent to the exact cancellation of the effective four dimen- 
sional cosmological constant. The background metric is 
therefore 

ds^ = e~^^'^y^r]^^dx^'dx'' - dy^ . (57) 

The effective Planck scale in the theory is then given by 



Mj, 



M 



(1 __ g-^M'-'^) 



(58) 



Notice that for large r, the exponential piece becomes 
negligible, and above expression has the familiar form 
given in Eq. (|10|l for one extra dimension of (effective) 
size l//i. 



C. Visible versus Hidden Scales Hierarchy 

The RS metric has a peculiar feature. Consider a given 
distance, dsp, defined by fixed intervals dx^dx^ from 
brane coordinates. If one maps the interval from hid- 
den to visible brane, it would appear here exponentially 
smaller than what is measured at the hidden brane, i.e., 
dsgli, = a;^(7rr)(isg|/i. This scaling property would have 
interesting consequences when introducing fields to live 
on any of the branes. Particularly, let us discuss what 
happens for a theory defined on the visible brane. 

The effect of RS background on visible brane field pa- 
rameters is non trivial. Consider for instance the scalar 
field action for the visible brane at the end of the space 
given by 



Sh = I d'^xuj^Trr) \iu-^{TTr)d''Hd^,H -\{H^ - vlf 



As a rule, we choose all dimensionful parameters on the 
theory to be naturally given in terms of M.^, , and this to 
be close to Mp. So we take vq, ~ M*. After introducing 
the normalization H -^ uj~^{Trr)H = e^^^H to recover 
the canonical kinetic term, the above action becomes 



Sh^ 



d^x 



d^Hd^H 



A (ij2 _ v^ 



(59) 



where the actual vacuum v = e~^'"^t)o. Therefore, by 
choosing fj,r ~ 12, the physical mass of the scalar field, 
and its vacuum, would naturally appear at the TeV scale 
rather than at the Planck scale, without the need of any 
large hierarchy on the radius [l^- Notice that, on the 
contrary, any field located on the other brane will get a 
mass of the order of M*. Moreover, it also implies that 
no particles exist in the visible brane with masses larger 
than TeV. This observation has been consider a nice pos- 
sible way of solving the scales hierarchy problem. For this 



reason, the original model proposed that our observable 
Universe resides on the brane located at the end of the 
space, the visible brane. So the other brane really be- 
comes hidden. This two brane model is sometimes called 
RSI model. 



D. Kaluza Klein decomposition 

As a further note, notice that since there is every- 
where 4D Poincare invariance, every bulk field on the 
RS background can be expanded into four dimensional 
plane waves (f>{x,y) ex e^^''^ fiv)- This would be the 
basis for the Kaluza Klein decomposition, that we shall 
now discuss. Note also that the physical four momen- 
tum of the particle at any position of the brane goes as 
Pphysiy) ~ ^^^{y)p^- Therefore, modes which are soft 
on the hidden brane, become harder at any other point 
of the bulk. 

Lets consider again a bulk scalar field, now on the RS 
background metric. The action is then 



S[cj,] = ^Jd'xdy, 



f"'dM4>dN<, 



m^(P^) 



(60) 



By introducing the factorization (j){x, y) = e*''*'^ v{y) 
into the equation of motion, one gets that the KK modes 
satisfy 

[-92 + 4/i sgn{y)dy + m^ + uj-^iy)?""] ^{y) = , (61) 

where p^ — p^p^ can also be interpreted as the effec- 
tive four dimensional invariant mass, m^. It is pos- 
sible, through a functional re-parameterization and a 
change of variable, to show that the solution for (p 
can be written in terms of Bessel functions of index 
1/ = y4+^^^7A? mm, as follows 



^niy) 
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i ^nu ^ 1/ 






Nn^'^iy) [ \fiuj{y)J \^^^{y), 

(62) 
where Nn is a normalization factor, n labels the KK in- 
dex, and the constant coefficient bm^ has to be fixed by 
the continuity conditions at one of the boundaries. The 
other boundary condition would serve to quantize the 
spectrum. For more details the reader can see Ref. ,32;]. 
Here we will just make some few comments about. First, 
for w(7rr) <C 1, the discretization condition that one gets 
for Xnfi = "nin/ ^uj{y) looks as 



zjj^yXji^j -f- Xjijyj ^[Xji^ j u 



(63) 



Therefore, the lowest mode satisfies xi^ ^ C'(l)j which 
means that mi ~ ij.e~'^^^ . For the same range of parame- 
ters we considered before to solve the hierarchy problem, 
one gets that lightest KK mode would have a mass of 
order TeV or so. Next, for the special case of a origi- 
nally massless field {m = 0), one has 1/ = 2, and thus the 
first solution to Eq. H63|) is just 112 = 0, which indicates 
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the existence of a massless mode in the spectrum. The 
next zero of the equation would be of order one again, 
thus the KK tower would start at fj,e~^^'^. The spac- 
ing among two consecutive KK levels would also be of 
about same order. There is no need to stress that this 
would actually be the case of the graviton spectrum. This 
makes the whole spectrum completely distinct from the 
former ADD model. With such heavy graviton modes 
one would not expect to have visible deviations on the 
short distance gravity experiments, nor constrains from 
BBN or star cooling. 



E. Radion Stabilization 

The way RSI model solves the hierarchy problem be- 
tween niEW and Mp depends on the interbrane spacing 
Trr. Stabilizing the bulk becomes in this case an im- 
portant issue if one is willing to keep this solution. The 
dynamics of the extra dimension would give rise to a run- 
ning away radion field, similarly as it does for the ADD 
case. A simple exploration of the metric (|57|) . by naively 
setting a time dependent bulk radius r(t), shows that 



terms on the branes, as A^ t,( 



"h,v 



)^, which by them- 



ds" 



g-2^r(t)|0|^^^^^Mrfa.^ _ ^2(^)^^2 



(64) 



with 6 the angular coordinate on the half circle [0, tt]. 
This suggest that if the interbrane distance changes the 
visible brane expands (or contracts) exponentially. The 
radion field associated to the fluctuations of the radius, 
b{t) — r{t) ~ r, is again massless and thus it violates the 
equivalence principle. Moreover, without a stabilization 
mechanism for the radius, our brane could expand for- 
ever. Some early discussions on this and other issues can 
be found in Refs. [Ullllll. 

The simplest and most elegant solution for stabiliza- 
tion in RSI was proposed by Goldberger and Wise |34l |. 
The central idea is really simple: if there is a vacuum 
energy on the bulk, whose configuration breaks transla- 
tional invariance along fifth dimension, say (E) (y) , then, 
the effective four dimensional theory would contain a ra- 
dius dependent potential energy 

y(r)= [dyuj\y){E){y) . 



Clearly, if such a potential has a non trivial minimum, 
stabilization would be insured. The radion would feel a 
force that tends to keep it at the minimum. The vac- 
uum energy {E){y) may come from many sources. The 
simplest possibility one could think up on is a vacuum 
induced by a bulk scalar field, with non trivial boundary 
conditions, 



{^)iO)^Vh 



and 



(0)(7rr) 



(65) 



The boundary conditions would amount for a non trivial 
profile of {(t>){y) along the bulk. Such boundary condi- 
tions may arise, for instance, if 4> has localized interaction 



selves develop non zero vacuum expectation values for cf) 
located on the branes. The vacuum is then the x inde- 
pendent solution to the equation of motion (|61|l . which 
can be written as 

{cj,){y)^u;-\y)[ALU-^y) + BLU-'{y)] ; (66) 

where A and B are constants to be fixed by the boundary 
conditions. One then obtains the effective 4D vacuum 
energy 

+fi{i^-2)B^{l-Lo^''{TTr)) (67) 

After a lengthly calculation, and in the limit where 
m <ti IJ. one finds that above potential has a non triv- 
ial minimum for 



fir 



IJ' 



In 



Vv 



(68) 



Hence, for hi{vh/vy) of order one, the stable value for 
the radius goes proportional to the curvature parameter, 
/i, and inversely to the squared mass of the scalar field. 
Thus, one only needs that w? / fi^ ~ 10 to get /xr ~ 10, 
as needed for the RSI model. 

One can get a bit suspicious about whether the vac- 
uum energy {4>)iy) may disturb the background metric. 
It actually does, although the correction is negligible as 
the calculations for the Einstein-scalar field coupled equa- 
tions may show 34. 36] . 



V. INFINITE EXTRA DIMENSIONS 

The background metric solution H57|) does not actually 
need the presence of the negative tension brane to hold 
as an exact solution to Einstein equations. Indeed the 
warp factor w(y) = e"^'*'' has been determined only by 
the Israel conditions at the y = boundary. That is, by 
using uj" = fi^u) — fj,u)S(jj) in Einstein equations, which 
implies equations l|55|l and H56|l . It is then tempting to 
'move' the negative tension brane to infinity, which ren- 
ders a non compact fifth dimension. The picture becomes 
esthetically more appealing, it has no need for compact- 
ification. Nevertheless, one has to ask now the question 
of whether such a possibility is at all consistent with ob- 
servations. It is clear that the Newton's constant is now 
simply 



Gn — /-iCn, 



(69) 



-just take the limit r ^ oo in Eq. (|58|) -. this reflects the 
fact that although the extra dimension is infinite, gravity 
remains four dimensional at large distances (for fir ^ 1). 
This is, in other words, only a consequence of the flat- 
ness of the brane. We shall expand our discussion on this 
point in following sections. Obviously, with this setup. 
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usually called the RSII model, we are giving up the pos- 
sibility of explaining the hierarchy between Planck and 
electroweak scales. The interest on this model remains, 
however, due to potentially interesting physics at low en- 
ergy, and also due to its connection to the AdS/CFT 
correspondence |37| . 

Although the fifth dimension is infinite, the point 
y = oo is in fact a particle horizon. Indeed, the first 
indication comes from the metric, since uj{y — > oo) — 0. 
The confirmation would come from considering a parti- 
cle moving away from the brane on the geodesies j/g {t) — 
ly- ln(l + iJ^t^) |33|. The particle accelerates towards in- 
finity, and its velocity tends to speed of light. The proper 
time interval is then 



dT^=Lo''{yg{t))dt'- 



dVg 

dt 



dt^ 



(70) 



Thus, the particle reaches infinity at infinite time i, but 
in a finite proper time t = 7r/2/i. 



A. Graviton Localization 

In order to understand why gravity on the brane re- 
mains four dimensional at large distances, even though 
the fifth dimension is non compact, one has to consider 
again the KK decomposition for the graviton modes, with 
particular interest on the shape for the zero mode wave 
function. Consider first the generic form of the perturbed 
background metric 



ds^ 



u! {y)gi^i_^dx'^''dx^ + Af^^dx^dy 



b^dy^ 



Due to the orbifold projection y — > —y, the vector com- 
ponent Af^ has to be odd, and thus it does not contain 
a zero mode. Therefore at the zero mode level only the 
true four dimensional graviton and the scalar (radion) 
should survive. Let us concentrate on the 4D graviton 
perturbations only. Introducing the small field expan- 
sion as 5^^ — r/i^t^ + uj~'^hf^^, and using the gauge fixing 
conditions 9p/i(^ = = /i';J, one obtains the wave equation 



one can writes the equation of motion for the KK modes 
as the Scrhodinger equation [Ifil] 



with a 'volcano potential' 

15/1' 



^{z) = m'^'^{z) 



V{z) 



3 1- J. 



SMz\ + ir 



5{z) 



(72) 



(73) 



which peaks as \z\ — > but has a negative singularity 
right at the origin. It is well known from the quantum 
mechanics analog that such delta potential has a bound 
state, whose wave function is peaked at z = 0, which also 
means at y = 0. In other words, there is a mode that 
appears as to be localized at the brane. Such a state is 
identified as our four dimensional graviton. Its localiza- 
tion is the physical reason why gravity still behaves as 
four dimensional at the brane. 

Indeed, the wave function for the localized state goes 
as 

whereas KK mode wave functions in the continuum are 
written in terms of Bessel functions, in close analogy to 
Eq. ||n3), as 

1' 



^r 



s{z) 



Yi ( rn\A + - ) + 



4m% ^ , , 1 
-J2 m\z\ + - 



where s{z) = {\z\ + l//i)^'^. By properly normalizing 
these wave functions using the asymptotics of the Bessel 
functions, it is possible to show that for m < fi the wave 
function at brane has the value 






(75) 



The coupling of gravitons to the brane is therefore weak 
for the lightest KK graviton states. The volcano potential 
acts as a barrier for those modes. The production of 
gravitons at low energies would then be negligible. 



a^-V 



uj'^iy) 



A^l6iy) 



/i = 



(71) 



where the Lorentz indices should be understood. In the 
above equation the mass rri^ stands for the effective four 
dimensional mass p'^p^ = m^ ■ It should be noticed that 
the mass spectrum would now be continuous and starts 
at m = 0. In this situation the KK are normalized to a 
delta function, Jdy uj~'^{y) hm(y) h^,' = S{m — m'). 
Introducing the functional re-parameterization 

1 



and 



z = -sgn{y) (w \y) - l) 



■^{z)=LO-^'^y)h{y) 



B. Gravity on the RSII brane 

The immediate application of our last calculations is 
on the estimation of the effective gravitational interaction 
law at the brane. The reader should remember that the 
effective interaction of brane matter to gravitons goes as 
hi_ii^{0)T'^'^. So, it involves the evaluation of the graviton 
wave function at the brane position, as expected. There- 
fore the graviton exchange between two test particles on 
the brane separated by a distance r gives the effective 
potential 



URsii{r) « UN{r) 
= UN{r) 



'dm m 
1 



^2^2 



(76) 
(77) 
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Notice that the correction looks exactly as in the two 
extra dimensional ADD case, with l//i as the effective 
size of the extra dimensions. Thus, to the brane the bulk 
should appear as compact, at least from the gravitational 
point of view. The conclusion is striking. There could 
be non compact extra dimensions and yet scape to our 
observations!. 



C. Higher dimensional generalization 

The RSII model, which provides a serious alternative 
to compactification, can immediately be extended to have 
a larger number of dimensions. First, notice that the 
metric (|57f) has came from the peculiar properties of co- 
dimension one objects in gravity. Thus, it is obvious 
that the straightforward generalization should also con- 
tain some co-dimension one branes in the configuration. 
Our brane, however should have a larger co-dimension. 
Lets consider a system of S mutually intersecting (2 + S) 
branes in a (4+(5) dimensional AdS space, of cosmological 
constant —A. All branes should have a positive tension r. 
Clearly, the branes intersection is a 4 dimensional brane, 
where we assume our Universe lives. Intuitively, each of 
the (2 -t- S) branes would try to localize the graviton to 
itself, just as the RSII brane does. As a consequence, 
the zero mode graviton would be localized at the inter- 
section of all branes. This naive observation can indeed 
be confirmed by solving the Einstein equations for the 
action [13 

S = jd^x d'y ^\9(i+s)\ (^^(4+5) + A^ 

- Y. ^ Jd''xd'-'y^\g^,+s)\ (78) 
all branes 

If the branes are all orthogonal to each other, it is 
straightforward to see that the space consist of 2^ equiv- 
alent slices of AdS space, glued together along the flat 
branes. The metric, therefore, would be conformally flat. 
Thus, one can write it down using appropriate bulk co- 
ordinates as 

ds^4+i-) = n{z) (r/^.dx^dx'^ - 6ki dz'^dz^) (79) 

with the warp factor 

1 



Effective Planck scale is now calculated to be 



n{z) 



/^E,k'1 + i 



where the ^ curvature parameter is now 
2 2fc;A 



(80) 



(81) 



which is a generalization of the relation given in Eq. (|55|l . 
Similarly, the fine timing condition (|56(l . now looks as 



A 



'^('^ + 3) 22 
8(5 + 2)^ * 



(82) 



Mi 



M.. 



(5+2) 



d'zn^^+^) ^ ^^Mi'+'^L' , (83) 
((5 + 1)! 



for L = l/\/Sii. Notice this expression resembles the 
ADD relationship given in Eq. (|10() . with L as the effec- 
tive size of the extra dimensions. 

Graviton localization can be now seen by perturbing 
the metric with 77^;^ — > rj^^i, + h^i, in Eq. H79|l , and writing 
down the equation of motion for hfjtv in the gauge /i^^ = 
= df^h^'^, and in conformal coordinates, to get for ^ = 
^{S+2)/2j^ the linearized equation 



1 2 
—m 

2 



1 . 



V{z) 



* = , 



(84) 



which is again nothing but a Schrodinger equation with 
the effective potential 



Viz) 



(5(,5 + 2)((5 + 4)^^ ^ _ (5 + 2)/i 



-nJ2^('') (85) 



Indeed, the spectrum has a massless bound state local- 
ized around the intersection of all delta function poten- 
tials (2 = 0), which goes as Abound '^ r2(''+^)/^(z). Since 
the potential falls off to zero at large z, there would also 
be a continuum of modes. Since the height of the po- 
tential near the origin goes as /i^, all modes with small 
masses, m < jjl will have suppressed wave functions, while 
those with large masses will be unsuppressed at the ori- 
gin. Therefore, the contribution of the lightest modes to 
gravitational potential for two test particles at the brane 
would again come suppressed as in the RSII case. The 
correction to Newton's law goes as [T3 



AC/(r) - UN{r) - 



(86) 



which again behaves as in the ADD case, mimicking the 
case of compact dimensions, thought there are not so. 



VI. BRANE COSMOLOGY 

Let us now discuss what modifications are introduced 
to cosmology if one considers the RSII setup. One of 
the first things that one needs to know is the time de- 
pendence of the metric. As the bulk curvature arose to 
compensate the brane tension in order to keep the brane 
flat, once a time dependent energy density T^i, is intro- 
duced on the brane, as needed for our Universe, also the 
warping will become time dependent, and so, one has to 
reconsider the RS solution to five dimensional Einstein 
equations. The problem was first addressed by Binetruy 
et al. in Refs. ;.39J,,4Q|. It has also been noted that Fried- 
mann equation could be recovered on the brane in the 
low energy limit (p <C t) , on the basis of the fine tuning 
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(j5H|l . even thought the metric is not static pll 142. li^. 
Here we will discuss some of these results. 

We start by considering what the metric ansatz should 
be for brane cosmology, assuming that the only energy 
sources are the brane energy momentum tensor, T^^,, and 
the negative cosmological constant of the brane. We 
adopt the cosmological principle of isotropy and homo- 
geneity in the three space dimensions of the brane, thus, 
the most general T^^^ has a diagonal form, parameterized 
by energy density, p, and pressure, P, 

T'^, = diag{p, -P, -P, -P) . 

Also, this implies that qmn = gMN{y,t), only, where 
the y dependence reflects the breaking of translational 
invariance along fifth dimension due to the presence of 
the brane. Finally, and for simplicity, we will consider 
that distance intervals along fifth dimensions are fixed 
along time. We then chose the following ansatz for the 
metric 



ds^ = w'^{y, t) dt^ — a^{y, t) 'fij dx^dx^ — dy^ 



(87) 



were 7y = f{r)6ij, with f^^{r) — l — kr"^ being the usual 
Robertson- Walker curvature term, where k = —1,0,1. 
For simplicity, we shall restrict our discussion to the 
fiat Universe case {k = 0). It is worth noticing that 
such a metric does reduce to the standard Friedmann- 
Robertson- Walker metric (|34() when evaluating distance 
intervals at the brane, provided w{0,t) = 1. As in RS 
models we will here assume that the orbifold symmetry 
P : y ^ —y is present, thus, a and w depend only on \y\. 
The five dimensional Einstein equations take the form 

Gab = RAB--zgABR = kl [-KgAB + T),^ 5'X 5^ 5{y) ] , 

(88) 
The delta function on the RHS of Eq. H88() can be under- 
stood as a boundary condition. Wc then proceed by solv- 
ing first the equations away from the brane. The global 
metric solution clearly has to be continuous everywhere. 
That is naturally solved by the orbifold condition. Met- 
ric derivatives on y, however, are not continuous, they 
should have a gap at y = 0, which should match the 
brane energy momentum tensor. 



dy G. 



kiT.. 



(89) 



Let us now proceed to the details. We use the metric 
ansatz (|87|l to explicitely expand RHS of Eq. H88|) to 
get|39j 



Goo 
Gi-i 




a 
a 
-.11 



a' fw' a'\ a" w" 

- 2— + - +2— + 

a \ w a a w 



_^ ° 2^-^ -2^ 
w'^ \ a \ w a J a 



Jij 1 



(90) 



^04 
G44 



w a 



w a 



a 



a \ a w 



a I a 
a \a 



where primes denote derivatives with respect to y and 
dots derivatives with respect to t. Our boundary (Israel) 
conditions are then 



a 
Aw' 



w 



v=o 



v=o 



f(3P + 2p); 



(91) 
(92) 



here the gap function Aa'(O) = a'(0+)-a'(0-) = 2a' (0+) 
gives the size of the jump for the y derivative of a at zero. 
The same applies for Aw' . We can straightforwardly use 
these boundary conditions to evaluate the Einstein tensor 
components at the brane. Particularly, equation for G04 
gives the energy conservation formula 

p + 3Ho{p + P)=0 

where we have introduced the brane Hubble function, 
HQ{t), as the y = value of the more general bulk Hubble 
function El 



H{y,t) 



It is also not difficult to show that the equation G04 
implies to more general condition 

w{y,t) = X{t)d{y,t) . 



(93) 
==0 

(94) 



It is very illustrative to rewrite the equation for Goo as 
bulk Friedmann equation |43| | 



H'iy,t) 



w 



-A- 



a 



(95) 



where a'^ stands for the regular part of the function. 
It is then clear that upon evaluation at the brane, the 
Friedmann equation presents the 'wrong' dependence 
Hq cx p^ |32| coming from the second term on the RHS 
of Eq. (|95|l . Also, we may identify the last term of same 
equation as the contribution of the Weyl tensor of the 
bulk [4J|. We will come back to this point a bit later. 
Now we turn into the other equations. First, G^ gives 
a non independent equation. Indeed, it can be derived 
from Eq. H95|) by taking a time derivative, and combining 
the result with G04 . This is same as in the usual 4D case 
where Gy gives the acceleration equation. Finally, G44 
represents the only truly new equation in the system. It 
is also the window to solve the y dependence of the met- 
ric, since combined with the bulk Friedmann equation 
(|95|l and the acceleration equation, it simplifies to 



w 
w 



rkiA 



(96) 
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Solving this equation, together with H94(l . we get the re- 
sult 



a{y, t) = ao{t) ( cosh(^|y|) - g^ P sinh(^|y|) 



wiy, t) = cos^^l\y\) + g^ (3P + 2p) sinh(Ai|2/|); (97) 

where the bulk curvature parameter /i^ = fcjA/6. Notice 
that in the static limit (clq = 1) where p = —P = t, with 
the brane tension obeying the fine tuning condition (|55|l . 
we recover the RS metric solution a{y) = w(j/) = e^^'^L 
Notice also that in the time dependent case we do get 
the FRW metric on the brane. 

We can now completely evaluate the Friedmann equa- 
tion (|95(l on the brane by using that the total energy 
density p = Pm + t, with pm the actual brane matter 
density, to get [43 



Hlit) = 



Pri 



3Mp 



1 + ^ 
2r 



(98) 



which have a quadratic term on the matter density. A 
Universe described by such a modified Friedmann equa- 
tion evolves faster than the standard one. This may not 
be a problem during the very early stages of the Universe, 
whereas just before Nucleosynthesis the standard cosmo- 
logical evolution Hq ^ pm has to had be restored to not 
disturb the success of the theory. Clearly, for small mat- 
ter densities pm ^ t one recovers the standard Hubble 
expansion. 

It is interesting to note, on the other hand, that infla- 
tion when drove by a scalar field whose energy density 
over passes the brane tension is more efficient in the brane 
world. This can be seen from the equation of motion 
(f + 3Hoip + V'{(p) = where the friction term becomes 
larger for larger energy densities. Thus slow roll gets en- 
hanced by the modification to the Friedmann equation 
(|98|l . Inflation would then last longer than in the stan- 
dard 4D models, and even some steep potentials that 
were unable to drive inflation in the 4D case, could now 
be successful [43 • Expansion at high energies drives the 
tilt of the spectrum of adiabatic density perturbations 
to zero and it seems not to alter their expected ampli- 
tude [43. Physics of reheating |4^|43, preheating, and 
other pre-BBN phenomena may also be affected, depend- 
ing on the energy scale at which they take place. 



JAB = QAB — nA^B- Next we consider the extrinsic cur- 
vature of the brane Kab = 1a Ib^c^d to write down 
the Gauss-Codacci equations 



R 



(4:) BCD 



= i?(5)* pQ 7m 7b 7c Id + ^Kf^KB^D , (99) 



NJ^M 



DnK 



DmK = R 



i'-)PQ' 



1m 



(100) 



where Dm is the covariant differentiation with respect to 
jMN- The brane Ricci tensor is then obtained by con- 
tracting the first of above equations on A and C, and one 

gets R(4)mn = ^(4) CD ^M In " R(i)BCD'^A ^M "^^In + 



KKmn — K^jKna- a further contraction on M and N 
will provide us the scalar curvature Ru\ . All together 
shall define the five dimensional Einstein equation with 
a source given by 



7a/ AT = AgMN + Smn5{x) 



(101) 



where we have explicitely chosen x as the locally orthog- 
onal coordinate to the brane, without lost of generality. 
Here Smn represents the brane energy density, which 
goes as 



Smn — —TjMN + thiN 



(102) 



with tMN the brane energy momentum tensor, which 
clearly satisfies tMNn^^ — 0. It should be noted that 
properly speaking Smn should be evaluated by the vari- 
ational principle of the 4D Lagrangian for matter fields. 
The decomposition H102|) can be ambiguous. Again, the 
delta function would lead us to the Israel junction con- 
ditions 



[7AfAr] = and [Kmn] = -kl S, 



^MN 



~ ■::JmnS 



(103) 
where [X] = AA:(0) = 2A:(0+), due to the Z2 symmetry. 
First of this expressions only states the continuity of the 
metric at the brane, whereas the other allow us to com- 
pletely determine the extrinsic curvature of the brane in 
terms of the energy momentum tensor. Putting all those 
equations together, one gets the effective brane Einstein 
equations 

G(4:)mn ~ ^ilMN + S'T^GNtMN + k^TTMN — EMN , (104) 

where the effective brane cosmological constant 



A. Geometric approach 



A4 



1. 



:fcfT-A 



(105) 



A more formal and general treatment of the brane 
model for the derivation of the effective Einstein equa- 
tions on the brane was presented in Ref. |4J|. It uses 
a covariant geometric approach that does not rely on 
the metric ansatz, and I believe, it is worth to be un- 
derlined in here. Let us denote the unit vector normal 
to the brane by n , and the induced brane metric as 



is null only if the fine tuning condition l|56() holds. New- 
ton constant is defined in terms of the brane tension by 



iirGisi = 



(106) 



expression that is equivalent to Eq. H69|l , with the proper 
insertion of the parameter p as defined in Eq. H55|) . Emn 
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stands for the limit value at x = 0"*" of the 5D Weyl 
tensor C^^^ MANsn^n^ , with C^^^ the 5D Weyl curvature 
tensor. This gives the non local effects from the free 
gravitational field in the bulk and it cancels when the 
bulk is purely AdS. And last but not least, the tensor 
T^MN gives a local quadratic contribution from the brane 
energy momentum tensor which arises from the extrinsic 
curvature terms. It goes as 



T^MN — Yn^^MN ■ 



TtMA^M 



1 

24 



IMN [itABt 



AB 



(107) 



VII. CONCLUDING REMARKS 



Along the present notes I have introduced the reader 
to some aspects of models with extra dimensions where 
our Universe is constrained to live on a four dimensional 
hypersurface. The study of brane world has become a 
fruitful industry that has involved several areas of theo- 
retical physics in matter of few years. It is fair to say, 
however, that many of the current leading directions of 
research obey more to speculative ideas that to well es- 
tablished facts. Nevertheless, as it happens with any 



other physics speculation, the studies on the brane world 
are guided by the principle of physical and mathematical 
consistency, and the further possibility of connecting the 
models with more fundamental theories, i.e. String the- 
ory, from where the idea of extra dimensions and branes 
had been borrowed; and so with the experiment in the 
near future. 



It is hard to address the too many interesting topics of 
the area with the detail I intended in here, without facing 
trouble with the space of this short notes. In exchange, 
I have concentrated the discussion to the construction of 
the main frameworks (ADD, and RS models), the calcu- 
lation of the effective gravity interactions on the brane, 
and brane cosmology, mainly. I hope these could serve 
the propose of introducing the reader to this area of re- 
search. The list of the left behind is extensive, it in- 
cludes the recent discussions on the cosmological constant 
problem 48] , higher dimensional warped spaces AS\ dark 
matter from KK modes ^], Black Holes in both ADD 
and RS models |5lL l53 | , deconstruction of extra dimen- 
sions [53, and the list go on. I urge the further interested 
readers to go to the more extended reviews jl^ and hunt 
for further references. 
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